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Abstract. In this note we present a more detailed and explicit exposition 
of the definition of a conformal representation of a Leibniz algebra. Recall 
(arXiv:m ath/0611501v3) that Leibniz algebras are exactly Lie dialgebras. The 
idea is based on the general fact that every dialgebra that belongs to a vari- 
ety Var can be embedded into a conformal algebra of the same variety. In 
particular, we prove that an arbitrary (finite dimensional) Leibniz algebra has 
a (finite) faithful conformal representation. As a corollary, we deduce the 
analogue of the PBW-theorem for Leibniz algebras. 

Introduction. In [1] we studied the relation between conformal algebras [2] 
(these are algebraic systems with a countable number of multiplications coming 
from mathematical physics [3]) and dialgebras [4,5] (these are systems with two 
operations of multiplication that were introduced in relation with Leibniz algebras). 
We have proposed a general notion of what is a variety of dialgebras generalizing 
the classes of associative [4] and alternative [6] dialgebras. In particular, Lie dial- 
gebras are exactly Leibniz algebras. The main result of [1] states that an arbitrary 
dialgebra of a given variety can be embedded (in a canonical way) into a conformal 
algebra of the same variety. 

In this paper, we focus on the embedding of Lie dialgebras (Leibniz algebras) 
into conformal algebras. For this variety, the construction of a conformal envelope 
from [1] can be simplified by using the notion of a conformal representation. We 
will show that every (finite dimensional) Leibniz algebra can be embedded into 
current conformal algebra over the algebra of linear transformations of a (finite 
dimensional) linear space. As a corollary, we obtain a new proof of the theorem on 
injective embedding of a Leibniz algebra into an associative dialgebra and, more 
explicitly, prove an analogue of the Poincare — Birkhoff — Witt (PBW) theorem for 
Leibniz algebras [5]. 

1. Varieties of dialgebras. A dialgebra is a linear space A endowed with two 
bilinear operations H, In [4] and [6], the notions of associative and alternative 
dialgebras were introduced. These definitions were motivated by the relations be- 
tween dialgebras and Leibniz algebras. In particular, the associativity identities for 
dialgebras are chosen in such a way that the new operation 

[ab] = a\-b — b-\a 

makes a dialgebra A to be a left Leibniz algebra, i.e., the identity 

[a;i[a;2a;3]] = [[a;ia;2]a;3] + [a;2[a;ia;3]] (1) 

holds. The Leibniz algebra A^~^ obtained is an analogue of the adjoint Lie algebra 
of an associative algebra. 
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In [1], we developed a general approach to the definition of what is a variety of 
dialgebras via the notion of an operad. In terms of identities, this definition can be 
stated as follows. 

Definition 1 . Let Var be a variety of algebras defined by a family S of polylinear 
identities. A dialgebra A is said to be a Var-dialgebra, if it satisfies the identities 

{Xi H X2) \- X3- {Xi h X2) \- X3, Xi H {X2 \- X3) -Xi-\ {X2 H X3), 

ti{xi,...,Xn), i G S, degt = n, i = l,...,n, 

where U is obtained from t by replacing of each monomial {xj^ . . . Xj^ ) with {xj^ h 
■ ■ ■ \- Xi -i ■ ■ ■ -\ Xj^) preserving the bracketing. 

If S = {{xiX2)x3 — xi{x2X3)} (associativity) then the system of identities (2) 
coincides with the one introduced in [4]: 

tl = {Xi H X2) -\X3-X1 -\ {X2 H 2:3), t2 = {Xi h X2) -\X3-X1\- {X2 H 2:3), 

^3 = {xi \- X2) h a;3 - a;i h {x2 \- X3). 

If S = {x\X2-\-X2X\^ x\{x2X3) — X2{x\Xz) — {x\X2)xz\ (Llo algebra identities) then, 
with respect to the operation \xy\ = x h y, the identities (2) arc equivalent to the 
left Leibniz identity (1). Conversely, an arbitrary (left) Leibniz algebra with respect 
to a; h y = [a;y], x-\y = — is a Lie dialgebra in the sense by Definition 1. 

2. Conformal algebras. Let 7? be a cocommutative Hopf algebra with co- 
product A, counit £ and antipode S. We will use the Sweedler notation [7] omitting 
the summation symbols, e.g., 

A(/i) = ® /i(2), (A ® id)A(/i) = h(i) ® \2) ® h(^3), 
{S (g) id) A(/i) = (g) /i(2) , (id ^S)A{h) = /i(_2) • 

Definition 2 [2,8,9]. Let M and N be two left ff-modules. A conformal linear 

map from M to A'' is a linear map a from M to iJ®^ j\r such that a{hu) = 
(1 (g) ft id)a(u), h e H, u e M. Hereinafter, H®"^ = H ® H is considered as the 
outer product of regular right il-modules. 

Note that H (g) H in a free right 7J-modulc with a basis {hi (g) 1}, where {hi} is a 
linear basis of H over k. Indeed, f ® g = (/ff(-i) <g 1)5(2) = ^{^i ® ^)9i^ and such 

i 

a presentation is unique. 

The space of all conformal linear maps from M to A?^ is denoted by Chom(M, A''). 
If iV = M then wo use Cond M for Chom(M, M). 

Let us define the structure of a left H-vaodvAe on Chom(M, N) as follows: 

{ha){u) = {h®l®H id)a(u), h& H, a e Chom(M, N), u € M. 

Definition 3 [9, 10]. A left if-module C endowed with an iJ-hnear map fi : C ^ 
Cend C is called an ff-conformal algebra (or pseudo- algebra over H). The operation 
(a * 6) = /i(a)6 e H^"^ C, a,b e C, is called pseudo-product. 

li H = k then the notion of an iJ-conformal algebra coincides with the notion of 
an ordinary algebra over a field, li H = k[T] (with respect to the canonical Hopf 
algebra structure) and char Ik = then an iJ-conformal algebra is exactly what 
is called by conformal algebra in [2]. In this paper, we will preferably consider 
i?-conformal algebras over H = lk;[T] without a restriction on the characteristic 
of k. 
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The simplest example of an iJ-conformal algebra is provided by the eonstruction 
of the current algebra Cur A over an ordinary algebra A. Given an algebra A, one 
may construct Cur A as the free i?-module H (S) A endowed with the iJ-linear map 

lj{f (g) a) : h (g) b 1-^ f (g) h (g)H {I <E) ab), a,b € A, f, h e H. 

The pseudo-product * : C ®C ^ {H ® H) ®h C on an iJ-conformal algebra C 
is an i?®^-linear map. A categorical interpretation of the notion of an algebra over 
an operad implies the following generalization (see [10]): the pseudo-product can 
be considered as a map from (if®" ®hC)® (i?®™ ®hC) to ®hC given 

by 

(fi ®H ai) * {F2 ®H 02) = {Fi ® F2 ®H l)(A"-i (g) A^-i ®H id)(ai * 02), (3) 

where Fi e H'»", F2 e i?®", 01,02 £ C, A^{h) = h, /\^{h) = h^^^ ® . . . ® 
for heH,k> 1. 

Relation (3) allows to interpret an arbitrary polylinear term t (in the signature of 
an algebra over a field) as a function on C®" (n = deg t) with values in if®" C. 

Definition 4 [10]. Let Var be a variety of algebras defined by a family S of poly- 
linear identities. An _ff-conformal algebra C over a cocommutative Hopf algebra 
H belongs to a variety Var (is a Var-pseudo-algebra, for short) if it satisfies the 
identities 

t*{xi,...,Xn), teT., 

where t* is obtained from t by replacing each monomial {xi^ . . . Xna), cr G S'n, with 
(cr ®H id)(a;iCT * ■ • ■ * Xna) preserving the bracketing. Here a acts on iJ®" by the 
rule (/ii (g) • • • (g) hnY = (hi^-i (g) • • • (g /i„o-0- 

Remark. The class of Var-pscudo- algebras over a Hopf algebra H is not a variety 
in the ordinary sense: it is not closed under infinite direct products. 

On every iJ-conformal algebra C one may define the operations H, h by the 
following rule: ifa*6 = ^/ij(g)l ®h a, a, b, Ci G C, hi G H, then 

i 

a h 6 = ^^e(/ii)ci, g-ib = hjCj. 

i i 

The dialgebra obtained is denoted by C'"^ . 

The main result of [1] can be stated in the following form. 

Theorem 1. If C is a Var-pseudo-algebra then C*^°) is a Yar-dialgebra. Conversely, 
an arbitrary Yar-dialgebra can be embedded into C^°^ for an appropriate Var- 
pseudo-algebra C over H = k[T]. □ 

3. Faithful representations of Leibniz algebras. Let H be the coordinate 
Hopf algebra of an abelian linear algebraic group G. Let us fix a basis {hi} of H 
over k. Consider three left /f-modules M, N, and V together with an if®^-linear 
map 

M®N ^ i?®2 

Define the family of operations {■ (^^-j ■) : M ® N ^ V, z G G, as follows. If 
u*u = ^/ijig)l ®H Wi for u e M, V € N, then 



(u (^) v) = ^ hi{z ^)wi e V. 

i 



(4) 
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The family of bilinear operations constructed does not depend on the choice of {hi}, 
and it has the following properties: 

(CI) for every w, v the map x i-^ {u (x) v) is a regular F-valued function on G; 

(C2) {hu (^) v) = h{z-^){u (^) v); 

(C3) {u (^) hv) = /i(i)(2;)/i(2)(u v). 

The property (CI) means that for every (/ e M, v € N there exists a \miqucly de- 
fined (if a basis {hi} is fixed) finite set of Wi such that {u (z) ^) = S hi{z~^)wi 

i 

for all z E G. In this settings, define {u (^-j v} = ^^(l)(-^)^^(2)'''^^• 
^ 

The structure of an iJ-conformal algebra on a left i?-module G is completely 
defined by the family of operations (4) tov M = N = V = G. The identities of 
conformal algebras described in Definition 4 can be expressed in terms of operations 
(• •) and {• •}. For example, an iJ-conformal algebra G is associative if and 
only if 

" (z) {b (y) c) = (o (^) b) (y^) c, a,b,cGG, z,y e G. (5) 
Remark. If G = Ai ~ (k, +), chark = then (• (j,) •) coincides with what is called 
A-bracket in [8]. 

If M is a left iJ-module then the action of CendM on M is also completely 

defined by the family of G-products (• (z) •) ■ CendAf (E) M M, z E G, built 
by the map a * m = a{u), a G CendM, u e M. Define similar operations (• (j) •) 
and {• •}, ^ e G, on the space CendM by the following rule: if a, 6 e CendM, 
u&M, 

b{u) = ^ /ij (gi 1 <8h Vi, a{vi) = ^^hj (8)1 <8h Wij, 

i 3 

then 

(o (^) b){u) = ^ hj{z~^)hi{Y){z)hn2) ®\®h Wij (6) 

and 

{a (^) b}{u) = ^ hi{z)hj(i){z~'^)hj(2) ®^®h Wij- (7) 

(It is easy to check that (a (2) b) and {a (2) b} belongs to Cend M for all z G G.) 
The operations (6) on CendM satisfy the relations (C2), (C3), and (5), but (CI) 
fails in general. 

Proposition 2. The linear space Cend M with respect to the operations a\- b = 

(a (e) 6), a H 6 = {a (e) b}, where e is the unit of G, is an associative dialgebra 
denoted by CendM^^^. Proof. As wc have already mentioned, the operations (6) 
on CendM satisfy (5). Moreover, the following identities hold: 

{{a (z) b} (y) c} = {a (yz) {b (y) c}} = {a (yz) [b (^-i) c)}, (8) 
({« iz) b} (y) c) = ((a ^yz) b) ^y) c) = {a (^^j {b (^-i) c)) (9) 
for all y,z E G. 

Indeed, the definitions (6) and (7) are chosen in such a way that 

(a (z) b) (^)U = a (z) {b (wz-^) u), {a (z) b} (y,) u = a i^^z) (b (z-i) u) 

for a,b € CendM, u € M, z,w G G. These relations imply (8), (9), and also (5), 
e.g., 

{{« (z) b} (^w) c} (y) u = {a (z) b} (^yjy) (c (^-1) u) = a ^^y^) {b (^-i) (c (^-i) u)) 
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and 

{a (wz) {b (w) c}} (y) u = a i^^y^) {{b (^) c} ({wz)-^) u) = a (^j^^) {h (^-i) (c (^-i) u)). 

Other equations in (8), (9) can be deduced analogously. 

liy = z = e then (5), (8), (9) turn into the identities of an associative dialgebra. 

□ 

The adjoint Lie dialgebra (Leibniz algebra) with the operation [ah\ = (a (e) 
b) - {b (e) a}, a, 5 e CendM, is denoted by gcM^. 

Definition 5. A conformal representation of an associative (resp., Lie) dialgebra 
A on a left i/-module M is a homomorphism of dialgebras p : A ^ C(°\ where 
C = CendM (resp., gcM). If M is a finitely generated if- module then p is said to 
be a finite representation. 

In the case of ordinary algebras for G = {e} Definition 5 coincides with the 
usual definition of what is a representation of an algebra on a linear space. By 
the classical Poincarc Birkhoff — Witt and Ado — Iwasawa theorems an arbitrary 
(finite dimensional) Lie algebra has a (finite dimensional) faithful representation. A 
Leibniz algebra which is not a Lie algebra obviously has no faithful representation 
for G = {e} (as well as for any finite group), but it turns out that a faithful 
representation exists for afhne line G = Ai. 

Theorem 3. An arbitrary (finite dimensional) Leibniz algebra has a (Bnite) faithful 
conformal representation for G = Ai . 

Proof. Let L be a Leibniz algebra, L'^'s = L/Span{[a6] + [ba] \ a,b € L} is the 
ordinary Lie algebra. Denote the image of an clement a G L in i^'^ by a. 

Suppose we have fixed a non-trivial L^'^-module V, and consider the space Mq = 
V®iL(g)V). 

Recall that the coordinate Hopf algebra of G = Ai is the polynomial algebra 
H = k[T], where A{h) = h{T (g) 1 + 1(g) T) , e{h) = /i(0), S{h) = h{-T) for h€H. 
We will construct a homomorphism p : L ^ gcM^"^ for M = H ® Mq. To define a 
conformal linear map p{a), a G L, it is enough to fix the values of (p(a) (j,) u) € M, 
z ek,ueMo. Set 

p{a) (2) V = av + z{a ®v), v € V, 
p{a) (^;,) {b(g)v) = b0av+[ab]0v, b€L,v€V. ^^^^ 

Relations (10) define an injective if-linear map from L to CendM. Let us show 
that p is a conformal representation of the Leibniz algebra L. It is enough to check 
that 

p{[ab]) = {p{a) (0) p{b)) - {p{b) (o) p{a)} 
for all a,b G L. Indeed, using (5) and (9) we obtain 

(0) p{b)) - {p{b) (0) p{a)}) (z) v = p{a) (o) (p(6) (2) v) - p{b) (^) {p{a) (o) v) 
= P{o) (0) Q)v + z{b O v)) - p{b) (av) 
= abv + z{b (8> av) + z[ab] 1; — bav — zb^av 

= [d,b]v + z[ab] u = p{[ab]) v, 
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(0) P{b)) - {p{b) (0) p(a)}) (z) (c u) 

= p{a) (0) {cEibv + [be] (g) u) - p{b) (2) (c (g) at; + [ac] (g) 

= c (g) [a, b]v + [[ab]c] (g) t; = p([a6]) (c (g) u) 

for c e i, t; e V. 

If dimi < 00 then dimMo can be chosen to be finite dimensional, and in this 

case p is a finite representation. □ 

It is clear from (10) that the images of a G L under p belong to Cur End Mq C 
CendM. Indeed, p{a) = 1 (g) ao — T ig) ai, where 

ao{v) = av, ao{b ®v) = 6 (g + [ab] (g) v, 
ai{v)=a®v, ai{b<Siv) = 

for allbG L,v G V. 

Corollary 4. Every (finite dimensional) Leibniz algebra can be embedded into 
current conformal algebra over the ordinary algebra of linear transformations of a 
(finite dimensional ) linear space. □ 

Corollary 5 [5] . For every Leibniz algebra L there exists an associative dialgebra 
A such that L c A^-K □ 

In the last statement, just consider A = (CurEnd Afo)''"''- 

Let L be a Leibniz algebra. Denote by U (L) its universal enveloping associative 
dialgebra built in [4,5]. Recall that U{L) is a quotient of the free associative 
dialgebra F{L) generated by the space L by the ideal generated in F{L) by all 
elements of the form a\-b — b-\a — [ab], a,b & L. We will use c to denote the 
image of c e L C F{L) in U{L). 

It follows from the universal property of U(L) that an arbitrary conformal rep- 
resentation p : L ^ gcM^") = (CendM(°))(~) induces a representation U{p) : 
U{L) — > CendM^'^^. of the associative dialgebra U{L). If M is the module from 
Theorem 3 built on the L'^'s.j-Qodule V = U(L'^^s) then let us denote the corre- 
sponding conformal representation L gcM^^^ by pu. 

Theorem 6. The representation U{pu) is faithful. 

Proof. We will prove the theorem without a reference to the results of [4, 5]. 

Let us fix a linear basis i? of L in the following form: B = {oj \ i € 1} U {bj \ 
j G J}, where {o, | i G /} is a basis of X^'^, {yj | j e J} is a basis of the kernel of 
the natural homomorphism L i^'^. Suppose the set / to be well-ordered. 

Lemma 7. The elements of the form 

c -\ Cbi^ -\ ■ ■ ■ -\ tti^, c G B, ii < • ■ ■ < in, n>0, (11) 

span U{L). 

Proof. Note that the bracketing in (11) is not essential since the operation H is 
associative. 

By making use of the identities of associative dialgebras and the rewriting rule 
x\-y = y-\x + [xy], x,y ^ L, one may present an arbitrary element of U (L) as a 
linear combination of words 

ci H C2 H • • • H c„, Ci€ B. 
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Since x -\ bj = for any x G U{L), we may assume C2, . . . , c„ £ {ai | z G /}. It 
remains to note that if ii > i2 then 

X H (oii H aij) = X H (a^j H ai J + a; H (ajj H - h a^J + a; H [ai^OiJ 

Therefore, an arbitrary element of U{L) can be presented as a hnear combination 
of (11). □ 

To complete the proof it is enough to show that the images of the elements (11) 
under U{pu) are linearly independent. Suppose u is a word of the form (11). 
Compute {U{pu){u) (2) 1) G M for 1 G U{L^^^). Since U{pu) is a homomorphism 
of dialgebras, 

w = U{pu){u) = [c (0) {flii (0) . . . {ai„_i (0) ai„} ...}}. 

Hence, relation (9) implies 

[w 1) = (5 (flij (0) (• • • (0) (ai„ (0) 1) . . . ))), 

which is easy to compute by (10): 

{w (2) 1) = c (2) (flji .. .CLi^) = ctti^ . . . ai„ + z(c (8)5^^... a^^). 

The coefficients at z obtained are linearly independent in M for different words 
of the form (11). Hence, the images of these words under U{pu) are also linearly 
independent. □ 

Corollary 8 (PBW-Theorcni for Leibniz algebras [5, 11]). The universal enveloping 
associative dialgebra U{L) for Leibniz algebra L is isomorphic to L ® U{L^'^^) as a 
linear space. □ 
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